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Abstract
The best invariant of a non-trivial module over A2, the second Weyl Algebra, is its charac-
teristic variety in P3. This is either a curve, a surface, or all of P3. It is known that P3 and all
surfaces arise as characteristic varieties, but it is not known which curves do. We show that a
projectively normal curve which is a characteristic variety has genus 0. c© 2002 Elsevier Science
B.V. All rights reserved.
MSC: 32C38; 16S32; 35A27
1. Introduction
Finitely generated modules over An = An(C), the complex Weyl Algebra, elude a
thorough classi=cation. One reason is that the best invariants of such modules are
derived from their characteristic varieties which likewise are not well understood. For
instance, no known criteria exist for determining whether an arbitrary subvariety of C2n
is a characteristic variety of a =nitely generated An-module. In [2], Gabber established
two necessary conditions: such a subvariety must be both homogeneous and involutive
(co-isotropic) with respect to a certain symplectic structure on C2n. However, examples
of subvarieties which satisfy these conditions and are not characteristic varieties of any
An-modules were found in [1].
The search for appropriate criteria is further complicated by the scarcity of involutive
varieties. For instance, let us take n=2 and the symplectic structure on C4 given by the
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form !=dx0 ∧ dx1 + dx2 ∧ dx3. The only known homogeneous involutive subvarieties
of C4 of dimension 2 are rational. We suspect this is always the case. In this paper
we prove a statement about projective curves which implies that a subvariety of C4
which is homogeneous, involutive, and normal at the origin must also be rational.
1.1. Characteristic varieties
Let u; @u; v, and @v be the generators of A2 over C. Beneath any discussion about
characteristic varieties lies an implicit =ltration of A2 which determines the notion of
homogeneity in C4. We shall =x our =ltration to be the Bernstein =ltration T 0 ⊂ T 1 ⊂
T 2 ⊂ · · · ⊂ A2 where
Tn = {D∈A2 |D has total degree n or less};
and the total degree of an element D of A2 is the highest degree of a monomial in D
(e.g. u@2v has total degree 3). Then for every D in A2 there is a unique n such that the
residue HD∈Tn=T n−1 is not zero. The associated graded algebra
gr(A2) = T 0 ⊕ T 1=T 0 ⊕ T 2=T 1 ⊕ · · ·
is the polynomial ring C[ Hu; H@u; Hv; H@v]. We will use x0; x1; x2; x3 in place of Hu; H@u; Hv; H@v,
respectively. Note that for any D∈A2; HD∈ gr(A2) is a homogeneous polynomial.
A =nitely generated A2-moduleM may have several diJerent =ltrations F · which are
compatible with the Bernstein =ltration and which yield a =nitely generated associated
graded module grF
·
(M) over gr(A2). However, the annihilator of all such grF
·
(M) will
have the same radical which we call the characteristic ideal of M. Since grF
·
(M) is a
graded gr(A2)-module, the characteristic ideal ofM is homogeneous. The characteristic
variety of M in C4 is the (not necessarily irreducible) variety corresponding to the
characteristic ideal. It follows that the characteristic variety ofM must be homogeneous
too. Thus, M determines a subvariety of P3 which we may also call its characteristic
variety.
1.2. Direction-;elds
Let  : C4 \{0} → P3 be the projection map. If X ⊆ P3 is a projective variety, then
we will denote by X˜ = −1(X ) ∪ {0} the aLne cone of X .
Denition. A direction-=eld v on P3 is a vector-=eld v=f0@x0 +f1@x1 +f2@x2 +f3@x3
on C4 such that all fi are homogeneous polynomials in the xi’s of the same degree;
say k.
If k = 1, then v is a vector-=eld which is constant on the =bers of the projection
. Hence v will actually determine a vector-=eld v on P3. However, if k =1, then
v will not (in general) be constant on the =bers of , although it will maintain a
constant direction. That is, at each point [p] in P3; v can associate a direction, but
not necessarily a magnitude. Multiplying v by a homogeneous rational function  of
degree 1 − k will give us a vector-=eld v on C4 with rational function coeLcients
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fi of degree 1. Hence v can be considered as a vector-=eld v on P3 multiplied by
the section −1 of OP3 (k − 1). In this way, we see that v is a section of the twisted
tangent sheaf TP3 (k − 1) = TP3 ⊗ OP3 (k − 1).
If v is a direction-=eld and X ⊂ P3 a projective variety such that v is tangent to X˜
at some point p, then v is tangent to p for any ∈C∗. Thus we have the following:
Denition. A projective subvariety X ⊆ P3 is tangent to a direction-=eld v at a point
[p] if and only if X˜ ⊆ C4 is tangent to v at p.
Let U be an aLne open neighborhood in P3. The values of any expression for v
on U depend on choice of coordinates, but the zeroes do not. Precisely, v will have a
zero at any point [p] such that either v(p) is parallel to the projection  or v(p) = 0.
More precisely, v vanishes where the 2× 2 minors of the matrix[
p0 p1 p2 p3
f0(p) f1(p) f2(p) f3(p)
]
vanish. We shall call points in this variety the zeroes of v.
1.3. Involutivity
Denition. Let F be a homogeneous polynomial of degree s. Then the hamiltonian
gradient of F is
hF =
@F
@x1
@x0 −
@F
@x0
@x1 +
@F
@x3
@x2 −
@F
@x2
@x3 :
We will call the corresponding section hF of TP3 (s−2) the Hamiltonian direction-=eld
of F .
We have the following straight forward.
Corollary. The zeroes of hF are contained in {x0@F=@x3 − x2@F=@x1 = 0}.
The principal use of Hamiltonians here is the identi=cation of involutive curves. We
will say that a projective variety V ⊂ P3 is involutive if and only if its aLne cone is
involutive. Recall that an aLne variety C˜ is de=ned to be involutive if and only if at
every smooth point p of C˜ the tangent space TpC˜ contains its orthogonal compliment
TpC˜
⊥
with respect to !p. Here != dx0 ∧ dx1 + dx2 ∧ dx3.
Proposition 1. A curve C ⊂ P3 is involutive if and only if for each homogeneous
polynomial F which vanishes on C; the Hamiltonian direction-;eld hF is tangent to
C at every smooth point of C.
Proof. For any homogeneous F; we have dFp = !p( ; hF(p)). Furthermore; if F van-
ishes on C˜; then dFp vanishes on TpC˜. Putting these together gives us hF(p) is in
TpC˜
⊥
whenever F vanishes on C˜.
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Now if C˜ is involutive, then since !p is non-degenerate, Tp(C˜) coincides with
Tp(C˜)⊥. Hence for all F which vanish on C˜, hF(p) is tangent to C˜.
On the other hand, if for each F which vanishes on C˜ we have hF(p) is tangent
to C˜, then hF(p)∈Tp(C˜) ∩ Tp(C˜)⊥. However, p is a smooth point, and Tp(C˜)∗ is
spanned by {dF |F vanishes on C˜}. Hence the dF span a two-dimensional subspace
of Tp(C˜)∗. Hence, the hF span a two-dimensional subspace of Tp(C˜) ∩ Tp(C˜)⊥.
Although we will not prove it here we have the following fact: Let Cns denote the
locus of nonsingular points of C. Then the set Z of Cns of points tangent to hF is
closed in Cns. Hence, if C is involutive, then each component of C is also involutive.
Therefore, we will restrict our attention to irreducible involutive curves.
2. Projectively normal involutive curves
Let C be a curve in P3, though not necessarily a smooth curve. Let g be the
arithmetic genus of C, d the degree of C, and s the smallest integer such that a
surface of degree s contains C. This s is usually called the initial degree of C. We
will denote the ideal sheaf for C in P3 by I.
Proposition 2. If C is an irreducible involutive curve and s= 1; then C is a line.
Proof. Let F be a homogeneous linear polynomial vanishing on C. Then hF is a
constant non-zero vector-=eld on C4. There is some point p∈C4 \ {0} such that hF is
parallel to the subspace C〈p〉 of C4. Hence; all the subvarieties of C4 tangent to hF
are parallel to C〈p〉.
Now let [q]∈C be any point distinct from [p]. Since C˜ is homogeneous, it contains
the subspace C〈q〉. Integrating the constant vector-=eld hF along C〈q〉 gives us the
plane p∧ q. Hence C˜ must contain this plane. Hence C must contain the line through
[p] and [q]. Since C is irreducible, it is this line.
Lemma 1. If C is an irreducible involutive curve; then h0(C; TC(s− 2))¿ 0.
Proof. If s = 1; then from the proposition above; C is a line and TC(s − 2) = OC(1)
which has non-zero sections. Hence we may assume that s¿ 1.
Since the partial derivatives @i = @=@xi are C-linear maps, the map which takes a
polynomial F to its Hamiltonian direction-=eld hF is also linear. Since C is involutive,
h determines a linear map from H 0(P3;I(s)) to H 0(C; TC(s−2)). We must show that
this map is non-trivial.
Let us suppose towards a contradiction that the Hamiltonian direction-=eld of every
polynomial which vanishes on C is zero when restricted to C. De=ne a diJerential
operator
A= x0@3 − x2@1:
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Let F be a homogeneous polynomial of degree s vanishing on C. Then the points
where hF vanishes are all contained in the zero locus of A(F). But hF is zero on all
of C, so A(F) is in H 0(P3;I(s)). Thus, A preserves H 0(P3;I(s)).
Let k be the largest power of x3 appearing in of F . Without loss of generality,
let us assume that this is not less than the largest power of x1 appearing in F . Then
Ak(F) will be a nonzero polynomial of degree s vanishing on C with neither x3 nor
x1 appearing in it. Since this is homogeneous in two variables, it must be the product
of s linear forms. Since C is irreducible, it must be contained in a plane. Thus, s= 1
contrary to our hypothesis.
Corollary. If C is a smooth irreducible involutive curve; then deg TC(s− 2)¿ 0.
Proposition 3. If C is a smooth involutive curve and s= 2; then C is rational.
Proof. Let F be a homogeneous polynomial of degree 2 vanishing on C. Since s¿ 1;
C is not contained in any plane. Hence we can assume Q = {F = 0} is either a
nonsingular quadric or a quadric cone.
Claim. There is a plane H ⊂ P3 such that H ∩Q is the union of two involutive lines
or a double involutive line.
Proof. If Q is a quadric cone; then let p = [p0 : p1 : p2 : p3] be the vertex. Put
H = {p1x0 − p0x1 + p3x2 − p2x3 = 0}. Then H is a plane containing p. Moreover;
every line in H through p is an involutive line. Since H ∩ Q is a quadric in H; and
since it contains p; it is also a quadric cone. Hence it is the union of two involutive
lines or a double line which is involutive.
If Q is smooth, then it is well known that Q contains two families of lines, L={L#}
and K = {K#}. Although these are families of pairwise disjoint lines, every member
of L meets every member of K. Moreover, for any L∈L and K ∈K, there is a
plane whose intersection with Q is L ∪ K .
Since the space of all involutive lines in P3 forms a hyperplane section of the
Grassmannian (see [4, Section 2]), we can =nd at least one involutive line in each
of the families K and L, say K0 and L0. Hence there is some plane H such that
H ∩ Q = K0 ∪ L0, the union of two involutive lines as required.
Let K and L be the involutive lines comprising H ∩ Q (possibly K = L). Since C
is a curve, it meets the plane H . Let [p] be a point in the intersection. Since C ⊂ Q,
either [p]∈L, or [p]∈K . In either case, there are two distinct curves in Q containing
[p] and tangent to hF .
If the point [p] were not a zero of hF , then only one variety tangent to hF could
pass through [p]. It follows that hF vanishes at [p]. Hence, deg TC(s − 2) is at least
1. Hence, 2− 2g¿ 0, and so C is rational.
Recall that an irreducible curve C is projectively normal if it is smooth and its aLne
cone C˜ is a normal variety. This is equivalent to H 1(P3;I(k)) being 0 for all k¿ 0
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(see [3, Exercise 5.14, p. 126]).
Proposition 4. If C is a projectively normal involutive curve then s is at most 3.
Proof. The projective normality of C implies that for each k¿ 0; the cohomology
group H 1(P3;I(k)) is 0. Hence the short exact sequence of sheaves
0→ I→ OP3 → OC → 0
induces; for each k; a short exact sequence on cohomology groups
0→ H 0(P3;I(k))→ H 0(P3;OP3 (k))→ H 0(C;OC(k))→ 0:
This leads us to a general formula for projectively normal curves:
h0(C;OC(k)) =
(
k + 3
3
)
− h0(P3;I(k)): (1)
In particular; when k¡s the group H 0(P3;I(k)) is zero; and (1) reduces to h0(C;OC(k))
=
(
k+3
3
)
.
From the Corollary to Lemma 1, we have
deg TC(s− 2) = 2− 2g+ (s− 2)d¿ 0:
Hence (s − 2)d¿ 2g − 2. Since (s − 1)d¿ (s − 2)d¿ 2g − 2, we always have that
OC(s− 1) is nonspecial. Hence by Riemann–Roch,
h0(C;OC(s− 1)) = (s− 1)d+ 1− g:
Combining this with (1), we have for every projectively normal involutive curve
(s− 1)d+ 1− g=
(
s+ 2
3
)
: (2)
We complete the proof by analyzing two cases. First, let us assume (s−2)d¿ 2g−2.
Then OC(s− 2) is also nonspecial. Using Riemann–Roch and (1) we have
(s− 2)d+ 1− g=
(
s+ 1
3
)
: (3)
Now subtracting (3) from (2) yields
d=
(
s+ 1
2
)
which we substitute into (2) to get
g=
(s+ 1)s(2s− 5)
6
+ 1:
Substituting both of these values into (s− 2)d¿ 2g− 2 we get s¡ 4.
Now let us suppose that (s− 2)d=2g− 2. Then TC(s− 2) has degree zero and has
a nonzero section. It follows that TC(s − 2) ∼= OC and so OC(s − 2) is the canonical
sheaf. Hence
h0(C;OC(s− 2)) = g:
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Combining this with (1) gives us g=
(
s+1
3
)
, and so
(s− 2)d+ 2− g=
(
s+ 1
3
)
: (4)
Subtracting (4) from (2) gives us d=
(
s+1
2
)
+ 1:
Applying Riemann–Roch to the sheaf OC(s), we have h0(C;OC(s))= sd+1− g. By
substituting the expressions above for d and g, we have
h0(C;OC(s)) = s
((
s+ 1
2
)
+ 1
)
+ 1−
(
s+ 1
3
)
=
(
s+ 1
2
)
s+ s+ 1−
(
s+ 1
3
)
= 16(s+ 1)(3s
2 + 6− (s2 − s))
= 16 (s+ 1)(2s
2 + s+ 6):
Since s is the smallest integer such that h0(P3;I(s)) =0, we have from (1)
1
6 (s+ 1)(2s
2 + s+ 6)¡
(
s+ 3
3
)
:
It follows that s¡ 4. This proves the proposition.
Theorem 1. An irreducible projectively normal involutive curve is rational.
Proof. Let C ⊆ P3 be a smooth irreducible curve of genus g and degree d. Suppose
that C is projectively normal and involutive. Let s be the least degree of a form F
which vanishes on C. Then F is irreducible; for otherwise C would be contained in a
surface of smaller degree.
We have already established this theorem for s¡ 3, so by Proposition 4, we have
only to prove the case s= 3. Thus, C is contained in neither a quadric nor a plane.
By our assumptions on C, (2) holds. Hence 2d+1− g=10. By Lemma 1 we have
deg TC(1)¿ 0. Since
deg TC(1) = 2− 2g+ d= 2− 2(2d− 9) + d= 20− 3d;
we have deg TC(1)¿ 0. Hence (3) holds, and we have d+ 1− g= 4. It follows that
d= 6 and g= 3.
Let us concentrate on the line bundle TC(1). We have
deg(TC(1)) = 20− 3d= 2:
By the Riemann–Roch Theorem,
h0(TC(1))− h1(TC(1)) = deg(TC(1)) + 1− g= 2 + 1− 3 = 0:
Thus, h0(TC(1)) = h1(TC(1)). As we know that h0(TC(1))¿ 0 by Lemma 1, we have
that TC(1) is both (linearly equivalent to) an eJective divisor and special.
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By CliJord’s Theorem, we have
dim |TC(1)|= h0(TC(1))− 16 deg(TC(1))2 = 1:
Thus h0(TC(1))6 2. Since h0(TC(1)) is positive, we have 2 cases.
Case 1: h0(TC(1)) = 2. This is the case where we have equality in CliJord’s The-
orem. Letting D be the divisor corresponding to TC(1), we conclude either D is the
trivial divisor 0, the canonical divisor K , or C is hyperelliptic and D is a multiple of
the unique g12 on C. Since deg(D) = 2 while deg(0) = 0 and deg(K) = 4, C must be
hyperelliptic and D is linearly equivalent to the unique g12 on C.
Now D is H −K , where H is the divisor of OC(1). Note that since C has genus 3,
K =2g12 [3, Proposition 5.3, p. 342]. By de=nition H is very ample, so we get that H
is linearly equivalent to 3g12.
By Hartshorne [3, Proposition 3.1(b), p. 307] we should have dim |H − g12| =
dim |H | − 2 = 1. However, H − g12 = 3g12 − g12 = 2g12 = K , while |K | has dimension 2.
Hence C cannot be hyperelliptic.
Case 2: h0(TC(1)) = 1.
Now we consider the linear map
h : H 0(P3;I(3))→ H 0(C; TC(1))
from the proof of Lemma 1. Since this is nontrivial and h0(TC(1))=1, it is surjective.
Therefore, since H 0(P3;I(3)) has dimension 4, the kernel of h has dimension 3. We
will show that this is impossible.
Let K = ker(h) What was actually shown in Lemma 1 was that if F is a form in
K , then A(F) is a form in H 0(P3;I(3)). Let us restrict:
A|K : K → H 0(P3;I(3)):
Claim. This linear map is injective.
Proof. Suppose that A(F) = 0. Then
x0
@F
@x3
= x2
@F
@x1
; (5)
in which case x0 divides @F=@x1 and x2 divides @F=@x3. Say @F=@x1 = x0G and @F=@x3 =
x2H . Using these in (5); we get G = H . Thus @F=@x1 = x0G and @F=@x3 = x2G.
Since F is in the kernel of h, all 2× 2 minors of[
x0 x1 x2 x3
@F
@x1
− @F@x0 @F@x3 − @F@x2
]
=
[
x0 x1 x2 x3
x0G − @F@x0 x2G − @F@x2
]
vanish on C. Hence x0@F=@x0 + x0x1G = x0(@F=@x0 + x1G) = 0 on C. But this is
impossible since we are assuming that C is not in any plane or quadric. We conclude
therefore that @F=@x0 =−x1G. Analogously, @F=@x2 = x3G. Thus G divides @F=@xi for
i = 0; 1; 2; 3. Thus G divides F , a contradiction to the fact that F is irreducible.
Now look at
n= dim(A(K) ∩ K):
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Since dim(A(K)) = dim(K) = 3, we have n¿ 2. If n is 3, then A(K) =K =A(K)∩K .
Then A|K : K → K , i.e. A stabilizes K . Now repeat the argument of Lemma 1, iterating
A. This gives us a contradiction.
Suppose that n= 2. Restrict again
A|A(K)∩K : A(K) ∩ K → H 0(P3;I(3)):
Consider its image again. We calculate
dim(A(A(K) ∩ K) ∩ K)¿ 1:
Take F to be a nonzero form in this space. That is, F =0 and F ∈A(A(K) ∩ K) ∩ K .
Then A(F)∈H 0(P3;I(3)) ∩ A3(K). That is, A(F) = A3(G) for some G in the kernel
of h. But since deg(G) = 3; A3(G) involves only x0 and x2. That is A(F) is a product
of linear forms. We conclude that C is contained in a hyperplane, contrary to our
assumptions. This proves the theorem.
Corollary. An irreducible projectively normal involutive curve is either a line or a
twisted cubic curve.
Proof. Let C be such a curve. By Proposition 4 we have s6 3. By the Theorem;
g= 0. Putting this together with (2) gives us
(s− 1)d+ 1 =
(
s+ 2
3
)
:
If s = 3; then there is no solution for d. If s = 2; then d = 3 so C is a twisted cubic
curve. Finally; Proposition 2 takes care of the case when s= 1.
It is immediately clear that every involutive line is the characteristic variety of an
A2-module. Letting D1 and D2 be the diJerential operators @u@v − 3v2 and 9uv − @2v ,
respectively, one can show that the characteristic variety of the left A2-module M =
A2=A2D1 + A2D2 is a twisted cubic curve [4, Section 5.3]. However, it is not clear
whether all involutive twisted cubic curves are characteristic varieties.
3. Closing comments
The characteristic varieties of holonomic A2-modules, that is, A2-modules of minimal
Gelfand–Kirilov dimension, are involutive curves. Since A2 is the ring of diJerential
operators on C2, it seems reasonable to expect that a variety which supports a holo-
nomic A2-module should rePect the geometry (or at least the topology) of C2.
Furthermore, from [1], we see that one obstruction to a homogeneous involutive
variety being a characteristic variety is the nature of the singularity at the origin.
However, the analysis in [1] was for Weyl algebras of any dimension and used the
=ltration given by the order of a diJerential operator. It is possible that for A2 with
the Bernstein =ltration, the exact nature of the obstruction may be simpler.
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